Income, expenditure and similar variables in monetary units tend to have distributions similar to log-normal. Description of such variables after logarithmic transformation by the normal model is often not accurate enough, especially for multivariate data. Deviations of their empirical distributions from the theoretical lognormal distribution often require more sophisticated analysis. Mixtures represent a very fl exible way of reconstructing complex distributions with irregular features and are suitable for detailed modelling. Multivariate mixture models are applied to the Czech longitudinal survey of household income in the European Union Statistics on Income and Living Conditions (EU-SILC) in [2005][2006][2007][2008]. The analysis identifi es distinct patterns of progression of income, with a high percentage of households having steady annual increases over the four years (three transitions). Graphical presentation of the results is emphasised.
Introduction
The Czech Republic is generally regarded as a success story of transition from a centrally managed economy until 1989 to a modern market-oriented economy, accomplished without any revolutionary social upheavals. This applies not only to changes in the political and economic areas, but also in the system of wage remuneration and social position of the population. Večerník (2009) examined changes in socio-economic policies and structures that occurred in the Czech Republic in the post-revolutionary period.
Study of household income and of its progression (dynamics) is important for monitoring the level of welfare and stability in the management of households' resources. In contrast to many undesirable features of the pre-revolutionary economic state of the Czech Republic, relatively small variation of income, across regions, occupations and experience (and therefore age) is a desirable feature of the structure of household income. It is therefore of interest to assess to what extent such homogeneity of income has survived the structural changes of the economy and of the composition of employment.
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Analysis of income and its progression is useful for decisions in social policy and is crucial for predicting consumption. Information on how wage distribution is evolving in the Czech Republic in general and with regard to sex and age is found in Marek (2010) and Bílková (2012) . Pacáková and Foltán (2011) analyse households with the highest wages in Slovakia, Benáček et al. (2010) compare the income of individuals and households in the Czech Republic with other countries of Central and Eastern Europe. Just as in other countries of the European Union, there is a considerable interest in monitoring income inequality, monetary poverty, material deprivation and regional disparities; see Labudová, Vojtková and Linda (2010) , Stankovičová (2010) , Želinský (2010) , Marek (2011) and others.
A lot of attention is paid to the modelling of income distribution in the Czech and Slovak Republics. Pacáková, Sipková and Sodomová (2005) model cross-sectional data 1 about income distribution by quantile function, Bílková and Malá (2012) by lognormal distribution and Malá (2012) applies fi nite mixtures. Such a set of single-year (univariate) analyses does not inform about the stability and dynamics of income, that is, the pattern of changes. Our analysis of income in the Czech Republic is unusual in being longitudinal.
2 Only a few works use a dynamic approach to assess the fi nancial situation of households in the Czech Republic; see e.g. Bartošová and Forbelská (2011) .
We analyze the data from the survey that the Czech Republic contributes to the European Union Statistics on Income and Living Conditions, EU-SILC 2005 -2008 These surveys collect representative data about income, life style, quality and cost of housing, ownership of certain household appliances, access to utilities, services and the employment, health care and other conditions of the members of the household. The participating countries are contracted to provide annual survey data by the Directive of the European Commission No. 1177/2003. The survey has a rotating panel design, in which each participating household completes the same questionnaire in four consecutive years. This design enables the analysts to study not only the current state, but also the changes (development or progression) over time. The Czech Republic has been contributing to EU-SILC since 2005, when its sample contained 4,351 households. These households were followed up annually until 2008, when the sample contained a total of 11,294 households in various stages of the panel (in the fi rst to fourth year of participation).
Studying Household Income
Income is studied for households, because a household pools the resources gained by its members. However, the total income of a household has to be adjusted for its composition. Larger households require more resources, but may have a greater capacity 1
Cross-sectional data are a set of unrelated samples, one for each time point.
2
Longitudinal data follow a sample of households over several time points.
3
The datasets were obtained as part of the Project GAČR 402/09/0515.
to gain higher income because they contain more adults. In contrast, being in a household tends to reduce the amount of resources required. For example, a typical household with two adults and two children might reasonably be expected to require fewer resources than two households, each comprising an adult and a child.
Conventionally, annual income is studied, to discount seasonal variation, but also to smooth out other short-term variation in income, which is rarely relevant. Part of the income may be saved, a household may fall into debt, may pay for obtained goods and services with delay and disparities between possession and expenditure may arise by other means (e.g. as deposits or hire purchase arrangements). It is convenient to inquire about annual income (of an individual or a household), because it is often used for reference, it is a key fi gure in a typical tax return and employment contract, and is sometimes used in a households' informal planning and accounting.
The economy of scale is refl ected in the defi nitions of equivalised household size and equivalised household income. We adopt the defi nition promoted by Eurostat, according to which one adult member of a household (e.g. its head) counts as one unit, every other adult member as 0.5 units and every child (below 14 years of age) as 0.3 units. Formally, suppose a household comprises H 1 adults and H 2 children. Then its equivalised size is 0.5 + 0.5H 1 + 0.3H 2 , denoted by eHs. Suppose the total annual income of this household is I; then its equivalised income is I/eHs, denoted by eHI. See Longford and Nicodemo (2009) for a study of the sensitivity of these and related defi nitions.
Modelling Household Income
The normal distribution, with a particular symmetric shape of its density, is the mainstay of statistical modelling. Possibly after some adjustment for covariates, normality is an appropriate assumption for modelling many phenomena. The normal distribution is often unsuitable in studies of income because it tends to have a skewed distribution; it cannot be negative, a small fraction of the units has very small (or zero) income, a large fraction has income in a relatively narrow range, and a small fraction has high income spread across a wide range. Such a distribution is distinctly asymmetric, and not normal. Empirical evidence and motivation by the multiplicative scale support the idea of analysing the logarithmic transformation of income.
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 333 The latter is much closer to normality, although some departures from it can be discerned. The roughness of the histogram is due to insuffi ciently large sample (n = 11 294), but other departures from normality are systematic; they would be present even if a larger sample were collected.
In the right-hand panel, the density of the best-fi tting normal distribution, with mean 11.998 and standard deviation 0.414, is drawn by dashes. This mean corresponds to 162,431 korunas, and the standard deviation to multiplying or dividing by exp(0.414) = 1.513, that is, increase by 51% or decrease by 100 -100/1.513 = 34%. Note that mean eHI differs from the back-transformed mean of log(eHI), because the operations of taking logarithm and averaging cannot be interchanged. In fact, the sample mean of eHI is equal to 178,098 korunas; it is so much higher because the infl uence of the highest values of eHI is reduced by the log-transformation.
Mixtures of Lognormal Distributions
A variable is said to have a lognormal distribution, if its log-transformation is normally distributed. That is our original model and a starting point in more detailed modelling. Figure 1 indicates that lognormal distribution is better suited for modelling income (in the particular setting) than normal distribution, but further improvement on the fi t would be highly desirable.
We seek improvement by mixture modelling. A sample (or a population) of units is said to be a mixture if it comprises several subsamples (groups), each with a distinct distribution of the studied variables y 1 , ... y n . The mixture density of variable (i = 1, …, n) is expressed as
where the mixing proportions π 1 , ..., π K sum up to one and the group-conditional density f k (y i ; θ k ) is specifi ed up to a vector θ k of unknown parameters (k = 1, …, K). The vector of all unknown parameters is given by Ψ = (π 1 , ..., π K -1 , θ 1 , ..., θ k ). Using an estimate of Ψ, this approach gives a probabilistic clustering of the data into k clusters in terms of estimates of the posterior probabilities of component membership
where k = 1, …, K denotes the component of the mixture. For more details see e.g. McLachlan and Peel (2000) . In our context, eHI in the Czech Republic in 2008 (or another year) may comprise several groups, or components, each with a distinct distribution of eHI. The component to which a household belongs is not identifi ed.
Fitting mixture models is an application of the EM algorithm (Dempster, Laird and Rubin, 1977; Fraley and Raftery, 2002) . The algorithm assumes that if in addition to the observed data we had some additional data or information, referred to as the missing data, the problem at hand could be solved by a simple method. For fi tting mixture models, this information is the assignment to the group, that is, which household belongs to which component. The observed data is called incomplete, and its union with the missing data is referred to as the complete data.
EM algorithm is an iterative procedure for maximum likelihood estimation. Each iteration comprises two steps, E (estimation) and M (maximisation). In the E-step, certain summaries of the missing data are estimated, which are needed in the following M-step. In the M-step, the (relatively simple) analysis intended for the complete data is applied, with the contributions that would be made by the missing data replaced by their estimates from the immediately preceding E-step. The iterations are terminated when two consecutive M-steps yield very similar results. We assume that the mixture components have (multivariate) normal distributions. For details specifi c to fi tting mixture models to the European Community Household Panel (ECHP), the predecessor of EU-SILC, see Longford and Pittau (2006) , to detection of convergence clubs of countries by their per capita income see Pittau, Zelli and Johnson (2010) , and to study of mixture models with an improper component for panel data see Longford and D'Urso (2011) .
A mixture model is described by the distribution and (marginal) probability of each component. The fi t by a mixture of two components, each with a lognormal distribution, is bound to be better than by a single lognormal, because a mixture of two (or more)
 335 components affords much greater fl exibility. The density of a mixture is usually not symmetric (after log-transformation) and may have as many modes as it has components. The incentive to obtain a better fi t has to be tempered by the complexity of the posited model. All formal tests for the choice of the number of components are tainted by the preference for simple models for small samples and complex models for large samples.
We prefer an informal approach in which we increase the number of components until one of them is very small.
We do not assume that any particular model is valid (correct); the models merely approximate the underlying distribution. The fi t of a mixture model is sometimes interpreted as the presence (or discovery) of distinct groups or clusters in the studied population. Such an interpretation is contingent on the assumption of lognormality for each cluster. That is, if we posit a model, in which (some) components have distributions different from lognormal, then the fi t may comprise very different groups. In brief, we apply mixtures merely to reproduce or approximate the observed data by a distribution from a class much greater than any single class of some well-known distributions.
The two-component fi t (solution) Eighteen observations are off the scale in both panels; if they were accommodated in the fi gure, the resolution of the histograms would be much poorer.
The three-component solution (the bottom panel) fi ts much better, but it is not obvious whether an even better fi t should be sought. The four-component solution is only marginally better. It comprises a component that accounts for only a minute fraction of the sample, and does not offer a better fi t. Details are omitted. 
Multivariate Mixtures
The mixture models considered in the previous section are univariate; they are for a single variable, eHI in 2008. They can be applied to each of the years 2005-2008, for which the EU-SILC survey was conducted in the Czech Republic. With this approach we cannot study the evolution of eHI of the households, because they are not linked across the annual analyses and we fail to capture the longitudinal (dynamic) aspect of income.
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In multivariate analysis, the basic data element is a set of observations on an unit, such as the values of eHI, or their log-transformation, in a sequence of years. The outcome of the analysis are the sequences of the annual means and variances, supplemented by the covariances (or correlations) for pairs of years. 
The correlations decrease with distance in time (or distance from the diagonal). Correlation can be interpreted as a measure of stability; with high correlations, households tend to have values of eHI in one year similar to those in the next, after a linear adjustment. Those in prosperity (with high eHI) then remain in prosperity, and most of those in poverty (with low eHI) remain in poverty (in long-term or persistent poverty). Greater stability of income is associated with lower income mobility. In fact, an index of income mobility is defi ned as the complement of the correlation of eHI, or of another variable that characterises income, 1 -ρ h 1 , h 2 for years h 1 and h 2 ; see Glewwe (2005) . The interyear index of mobility at the end of the studied period (2007) (2008) , 1 -0.0839 = 0.161, was about a quarter lower than at beginning of the studied period (2005) (2006) , when it was 0.216. Thus, the position of Czech households on the income ladder tended to become more entrenched over this period.
The variation on the log scale, var{log(eHI)}, is an index of (year-specifi c) income inequality. The fi tted distribution in (1) implies that the income inequality has not changed a great deal over the short term. The income mobility over several years is defi ned from the total income over the period. Although Gibson and Glewwe (2006) To avoid convoluted expressions, we refer to component k of the K-component model fi t as k(K); for example, the symbols 1(2) and 2(2) denote the fi rst and second component of the two-component mixture. We assume fi rst that the sample comprises two (and later three, or four) subsamples 1(2) and 2(2), each associated with a different four-variate lognormal distribution. The fi t of this model is given by the pair it represents a subpopulation with a high level of stability of income, and therefore low level of mobility, and low internal (within-component) differentiation. This fi nding is remarkable only in conjunction with the estimated size of this component, 56.6%. A component with much smaller probability would be much less remarkable, because some types of (intact) households, such as single-member households with pensioners relying on the state pension as a single source of income, are bound to have near-identical income (after annual adjustment for infl ation) across the years. The fi tted correlations for component 2(2), 0.603-0.778, are much smaller. We could evaluate the various indices for each fi tted component. However, these components do not have any intrinsic existence; their principal role is to approximate the overall distribution of eHI.
The three-component fi t is summarised in Table 1 . It is diffi cult to relate to the two-component fi t, but we can discern components with variances of distinct magnitudes. The second component has extremely high correlations (0.950-0.986), which corresponds to high income stability. The components are well ordered with respect to their annual means, although they differ by much less than the corresponding standard deviations. The order, in which the components are listed, is not a feature of the model fi t, so we display them in the order of size (marginal probability). Thus, component 2(3) seems to be 'distilled' from component 1(2) by selecting the households that correspond even more closely to the stereotype of small and even annual increases of eHI (small variances and high correlations). Component 3(3) collects the households that have least predictable income from one year to the next (large variances and small correlations). We explore these associations graphically in Section 6. Table 2 displays the fi t of the model with four mixture components. Components 1(3) and 1(4) are very similar in all aspects, as are components 2(3) and 2(4). The fi tted means of component 3(4) also correspond to a plausible pattern of eHI, although households in the component are widely dispersed and relatively weakly correlated. The remaining component 4(4) corresponds to an implausible pattern of the means (reduction of eHI by 48% in 2005-2006 followed by increase by 31% in the next year), with very large variances. It accounts for only about 1% of the households. We regard the presence of such a component in the fi t, with a small marginal probability, as a signal that models with more components are not useful, because the additional components would merely identify further esoteric patterns in small subpopulations that are of rudimentary interest in the study of eHI in the country as a whole.
Graphical Summaries of the Fit
In this section, we present graphical summaries of the mixture model fi ts that are easier to comprehend and digest than Tables 1-3 , and which complement them with effect. Figure 3 presents such a summary. Each panel corresponds to a model fi t. For simplicity, we regard the fi t by a single distribution as the one-component solution, 1(1). In respective panels B-D, for solutions with two to four components, each vector of means (mean profi le) is represented by connected solid segments of thickness proportional to the probability of the component. Figure 3 shows that the mean profi les for components with large estimated probabilities are nearly parallel, components 3(3) and 3(4) differ from their direction only slightly, and component 4(4) represents an esoteric pattern with large variance in years (2005) (2006) (2007) (2008) . Imperfect quality of the data may well be its cause.
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Next we explore how the membership of a component of one fi t is related to the membership of another. The assignment of a household to a component is in general not known, and is therefore regarded as a random variable. In the E-step of the concluding iteration of model fi tting, the conditional probabilities of belonging to component 1, ..., K, given the parameter estimates, are evaluated. These probabilities, specifi c to each household, are naturally interpreted as the likelihood of belonging to the components. For each household, they add up to unity. 
Source: EU-SILC, own calculation
For the two-component model fi t, these probabilities are presented concisely after rounding in Table 3 . The table classifi es the households by the fi rst decimal digit of the (conditional) probability of belonging to component 1(2). The within-category counts of households and their percentages do not agree, because the latter are evaluated with the sampling weights. The households in the fi rst and last category (0.0-0.1 and 0.9-1.0, respectively) are very likely to belong to the respective components 2(2) and 1(2);  343 they constitute about 75% of the households. Less than 10% of the households have probabilities in the range 0.3-0.7; each of these households may almost equally well belong to either component. A histogram of the probabilities is an alternative to Table 3 . The probabilities of belonging to the components of a three-component mixture model are presented by a ternary graph in Figure 4 ; see Aitchison (1986) . Each point in the equilateral triangle represents a household. The points for households with near-full
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probabilities of belonging to component k(3), k = 1, 2 or 3, are placed at the vertex k(3). The point that represents a household is placed so that its distances from the three sides of the triangle are proportional to the probabilities of belonging to the opposing vertices. For example, the point for a household with probabilities 0.8, 0.2, 0.0 for the respective components 1, 2 and 3(3) is placed on the side connecting vertices 1(3) and 2(3), one-fi fth of the way from 1(3) toward 2(3). The points on or near a side of the triangle correspond to households that are unlikely to belong to the component indicated at the opposing vertex. Points (deep) inside the triangle represent households that have appreciable probabilities of belonging to either of the three components. There are only a handful of such points in Figure 4 . To avoid overprinting points at the same location in the fi gure and to make the density of points transparent, a small amount of random noise is added to each point in both horizontal and vertical directions.  345
Absence of any points on the side 2(3) -3(3) suggests the ordering 2(3) -1(3) -3(3), which corresponds to the ordering of the components by their variances and correlations; see Table 2 . The temporal dependence structure seems to be a more important feature of the data than the annual means of the components.
The association of the assignment based on the three-component mixture model and the component 2(4) can be explored similarly. To save space, we omit the graph and summarise it as follows. The household-specifi c probabilities of belonging to component 2(4) differ very little from the probabilities for component 2(3). In fact, the sample correlation of these two pairs of probabilities is 0.997, and the marginal probabilities, 0.340 and 0.358, differ only slightly. The correlation for the components 1(4) and 1(3) is 0.988. Figure 5 presents the ternary plots, which relate the probabilities of assignment in the three-component model to the probabilities of belonging to component 1(4). The graph confi rms that the probabilities of belonging to component 1(4) are similar to the probabilities of 1(3). The probabilities of belonging to component 1(3) tend to be greater than for 1(4) when component 3(3) is a plausible alternative to 1(3), and tend to be smaller when 2(3) is a plausible alternative.
We conclude with Figure 6 in which the annual values of eHI are drawn for a small random sample from each component of the four-component model fi t. A household is drawn into the sample represented in the panel for component k(K) with probability proportional to the product of the sampling weight and the conditional probability of belonging to the component. Forty profi les are drawn in the fi rst two panels, 32 in the panel for component 3(4) and 20 in the panel for 4(4). These choices are made to avoid excessive clutter of lines for components with greater dispersion and to refl ect the smaller marginal probabilities of components 3(4) and 4(4). 
Conclusion
The Czech Republic, as part of the Czechoslovak Socialist Republic until 1989, had a centrally planned economy. The 'Velvet Revolution' in 1989 initiated the period of transformation to democracy with a market oriented economy. The totalitarian regime controlled the wages by various devices, keeping their differentiation to minimum, and largely avoided unemployment and poverty (Mareš, 2000) . After 1989, these controls were removed and the economic reforms that followed brought about more inequality,  347
higher unemployment and more poverty (Večerník, 1991) . The continuity and stability of income of many households was interrupted and the distribution of wages gradually changed. Its dispersion increased with more outliers at either extreme. Whilst a single distribution, such as lognormal, Weibull or Pareto, describes the pre-1989 situation adequately, mixture models are essential for the income distribution after 1989.
We presented a comprehensive analysis of the household income in the Czech Republic, using mixtures of lognormal distributions. The high level of stability of income, inferred from a relatively large component with extremely high correlations across the years, is an important feature of the results.
The results, if presented mechanically, are extensive and diffi cult to digest, but with suitable reduction and formatting, they offer clear insights into the structure and evolution (dynamics) of household income. Graphical displays are an important element of this, both for representing the estimated means, variances and correlations of the components (the estimates of the model parameters) and for studying the assignment of the households into the components. The results of our analysis indicate that stability (predictability) is the main feature of the annual (equivalised) household income, not their level. This is an important conclusion, showing an expectation of long-term poverty or prosperity of a household, depending on its current fi nancial potential. During the current economic crisis, this means that households with income below the poverty line or just above it, are in danger of long-term poverty.
The high stability of income in the Czech Republic is largely in agreement with the (multivariate) distribution of income in several other countries of the European Union (Longford and Pittau, 2006 ). An open question remains to what extent this stability will be maintained if the current economic crisis persists. The methods presented are relevant to these issues and should be applied when more recent data (e.g. for 2008-2012) become available.
